We analyze the classical stability of Q-tubes -charged extended objects in (3 + 1)-dimensional complex scalar field theory. Explicit solutions were found analytically in the piecewise parabolic potential. Our choice of potential allows us to construct a powerful method of stability investigation. We check that in the case of the zero winding number n = 0, the previously known stability condition ∂ 2 E/∂Q 2 < 0 for Q-balls is fulfilled. However, in the case n ≥ 1, we find a continuous family of instabilities. Our result has an analogy with the theory of superconductivity of the second type, in which the vortex with n > 1 becomes unstable towards the decay into the n vortices with the single winding number.
INTRODUCTION
In the variety of nontopological solitons, tube-like defects with nontrivial winding number n were discovered [1] relatively not long ago. In the theory of the single complex scalar field with self-interaction, their features are similar to those of Q-balls. The latter type of solitons has an interesting criterion of classical stability, i.e., ∂ 2 E/∂Q 2 < 0, were E is the soliton energy and Q is the global charge 1 . In this paper, the issue of Q-tube classical stability will be revisited. The reason for our study is the possibility of transitions between solutions with different n. These transitions [5] , [6] do occur for ordinary Abrikosov-Nielesen-Olesen vortices in some regions of the parameters of the Abelian Higgs model, and it is this fact that determines the type of superconductivity. To consider transitions with the change of the winding number, we will consider modes which are independent on the third spatial coordinate z along the tube, i.e., we restrict ourselves to excitations in (2 + 1)-dimensional theory. We will present explicit Q-tube solutions in a piecewise parabolic potential and the method for the investigation of the stability for them. An advantage of our choice of potential is the separation of the radial equations of motion for real and imaginary parts of the scalar field excitations except for the finite number of the matching points. In this case, one can drastically simplify consideration and thoroughly survey instabilities in the wide range of parameters. We will also present modes which are responsible for the instabilities of solutions with n ≥ 1 even for the case ∂ 2 E/∂Q 2 < 0. On the other hand, in the case n = 0 we did not find new instabilities, and our results correspond to the criterion of stability for Q-balls.
CLASSICAL SOLUTIONS

Action
To describe Coleman-type nontopological solitonS, let us consider the four-dimensional complex scalar field Φ with the action
To specify the axial symmetric Q-tube solution [1] (see also Ref. [7] ), we will use the cylindrical coordinates (r, φ, z). Then the time-depended ansatz for the scalar field is
Here ω is the continuous parameter of the solution, n is an integer parameter, and F (r) is some smooth real function. To obtain a solution localized near the z axis finite linear energy density, one should impose the following boundary conditions on F (r) [1] :
The nonvanishing tt component of the energy-momentum tensor for ansatz (2) determines the energy:
There also exists a nonzero angular momentum J = d 3 xM 0 xy , where M µ νρ is the conserved current associated with the Lorentz invariance of the action in Eq.(1), and (x, y) are Cartesian coordinates x = r cos φ, y = r sin φ. Using the relation M µ νρ = T µ ν x ρ − T µ ρ x ν , which is valid for a spinless field Φ, one can reduce the expression for J to the form
In addition, the internal U (1) symmetry of the action implies the conservation of charge
This connection between charge and angular momentum was found before in the theory of rotating boson stars [8] . As will be seen later, the integer parameter n separates Q-tube configurations into discrete domains. To find a classical soliton solution with a given J and Q, one can search for an extremum of the functional
where λ 1 , λ 2 are Lagrange multipliers. Taking the derivative with respect to ω, one can obtain λ 1 + nλ 2 = ω. Variation on F leads to
This result certainly coincides with Lagrangian equation of motion derived from action (1) using ansatz (2) . It should be noted that, due to z independence of the tubes, the quantities calculated by Eqs. (4)- (6) all diverge. To avoid the confusion, from now on, when speaking about (3+1)-dimensional tubes, we will consider their energies, charges, and angular momenta only per unit length, but we will still denote them by the same letters E, Q, and J.
Potential and solutions
As has been shown in Refs. [9, 10] , the explicit analytic solution for Q-balls can be obtained by setting the potential V to have a piecewise parabolic form. In the case of Q-tubes, we will use the following form of V for the action (1):
which turns out to be more convenient for the investigation of stability [11] . Here 
where U = M 2 for F 2 < v 2 and U = m 2 otherwise. Equation (9) can be reduced to the Bessel equation for all r except the matching points r = r i , i = 1, .., N , at which F 2 = v 2 . One can solve it separately in the intervals (0, r 1 ), (r i−1 , r i ), and (r N , ∞). Due to the linearity, its general solution in each interval of r contains two independent functions multiplied by arbitrary constants C i . Boundary conditions and the smoothness requirement determine the particular solution from a general one in each interval of r. To obtain Q-tube solutions, it is sufficient to consider the case N = 1, 2.
Let us consider the case N = 2. The finiteness of Q-tube energy per unit length demands regularity at infinity. We can obtain a required suppression of F at r → ∞ only if we impose ω 2 −M 2 < 0 for U = M 2 (i.e., for r > r 2 and r < r 1 ). The appropriate solution of Eq.(9) at r > r 2 is the MacDonald function C 4 K n ( √ M 2 − ω 2 r) with some constant C 4 . In the region r < r 1 , the only applicable solution for n > 0 is the Infeld function,
. It should be mentioned that both type of solutions are monotonic functions. To construct F between r 1 and r 2 , where U = m 2 , one should suppose ω 2 −m 2 > 0 and take the linear combination of Bessel functions of the first and the second kinds:
. This choice allows to obtain solutions which are equal to the same value at r 1 and r 2 due to the oscillating character of the corresponding equation. Choosing constants C i , i = 1, .., 4 appropriately, one can obtain the smooth Q-tube profile with a given n > 0 and m 2 < ω 2 < M 2 . The configuration with n = 0 is similar to a usual Q-ball in three spatial dimensions which is described by a monotonically decreasing function of radius. One can easily obtain them in a sector with N = 1, corresponding to the single point, r = r 0 , at which the different solutions of Eq. (9) should be matched. We take again the MacDonald function K 0 ( √ M 2 − ω 2 r) at r > r 0 and smoothly match it to J 0 ( √ ω 2 − m 2 r), which presents F at r < r 0 . In Fig.1 , we present several examples of profiles. It should be noted that the behaviour of K n and I n at infinity and the origin, correspondingly, provide the required asymptotics [Eq. (3)] for F . 
Properties of the solutions
The form of F depends on the particular choice of ω. One can formally denoted by F (r; ω) the continuous family of Q-tube configurations corresponding to the specific values of ω. By substituting it into the integrands in Eqs. (4) and (6) and taking the derivative with respect to ω, it is possible to obtain the relation
which holds for any Q-ball solution [2, 12, 13] . This relation indicates that a parametric plot E(Q) may contains cusps at some values ω c , corresponding to the simultaneous extrema of E and Q. We also use this relation to check our numerical calculations.
In Fig.2a , we present the E(Q) dependence, with ω being the parameter and m 2 0. The asymptote of the lower branch corresponds to the limit ω → m, and the upper branch corresponds to ω → M . The solution at the cusp ω = ω c determines the minimal energy density E min and charge density Q min . For every density Q > Q min there are two Q-tube configurations. Living on the lower branch, Q-tubes have quite localized profiles: their energy density is concentrated at r 1 < r < r 2 . The upper branch corresponds to the less localized objects. The energy integral [Eq.(4)] for them is determined by the tail, at r > r 2 , despite the exponential suppression of F in this interval, provided by the MacDonald function; see Fig.1 .
The case m 2 < 0 provides the different picture shown in Fig.2b . There is a nontrivial solution with zero Q that occurs at ω = 0, as follows from (6) . The dependence E(Q) contains two cusps, at ω c1 and ω c2 .
These E(Q) dependences for Q-tubes of unit length are similar to those for Q-balls. For instance, the explicit four-and two-dimensional Q-ball solutions with potential of the form given in Eq. (8), studied in Ref. [11] , have the same E(Q) behaviour. Figure 2 demonstrates that while n increases, the energy of a Q-tube with a given Q also increases. One can then suppose the existence of transitions between the branches with different n, as far as transitions between upper and lower branches with the same n, ruled by E, Q, and J conservation laws. They would correspond to the decay of the initial Q-tube into one or several Q-tubes with their own n's as such a multitube state may turn out to be more energetically favourable in analogy with Abelian vortices [5] , [6] . We will try to search for these transitions below and restrict ourselves to the investigation of the small perturbations without dependence on the spatial coordinate z. Equivalently, one can say that we study (2+1)-dimensional solutions, with E, Q, and J replaced by their analogues in (2+1) dimensions. Thus, the possibility of a Q-tube's division into pieces at some breaking point z = z 0 is outside of our attention. The criterion of the applicability of the classical consideration will be discussed in Sec. 3.5.
CLASSICAL STABILITY
Preliminaries
Solution of linearized equation of motion
Let us return to the original action [Eq. (1)]. The variational principle leads to the equation for Φ in cylindrical coordinates (r, φ, z) (we assume that Φ does not depend on z), 2)] and h = h(r, φ, t) -some small complex perturbation. We are interested in exponentially growing modes which indicate the existence of the classical instability. We would also like to separate variables in Eq. (10) . For this, we take the ansatz first proposed in Ref. [14] and slightly modify it for the case of nonzero angular momentum (n ± l), l 0:
where
where we set α = −iγ + γ , γ, γ ∈ R.
Except for the matching points r = r i , the equations for c 1 and c 2 are separated. This crucial result determines our choice of the piecewise parabolic potential of the type given in Eq.(8).
In the next two sections, we will search for solutions of Eq.12 with γ = 0, i.e., we hold α to be purely imaginary. This simple choice is motivated by results of Ref. [11] , where all instabilities of Q-balls were found for γ = 0 only. The generalization on arbitrary α will be considered in Sec.3.5. Note that the modes with l = 0 should be considered individually, since the exponential terms cannot help to separate c 1 and c 2 . We suppose that the general consideration is applicable to this case for the appropriate limiting procedure γ → 0.
Equation (12) gives Bessel equations except for the points r = r i . Thus, the following discussion lies close to the case of Q-tubes. For n > 0, there are three intervals ("left", r < r 1 ; "middle", r 1 < r < r 2 ; and "right", r > r 2 ). In each interval, the general solution of Eq.(12) contains two arbitrary constants. The requirement of the regularity at zero and infinity, following from the finiteness of the energy, fixes some of these constants, which can be turned to zero by the appropriate choice of the basis of solution. The other constants are needed for the matching of solutions of Eq.(12) at the points r = r i . Due to the delta functions, the modes we construct are continuous but not smooth.
3.3 The case n = 0, γ = 0 Let us illustrate this procedure by the simple example of a Q-tube with n = 0. In this case, there is only one matching point. Examples for the background are presented in the left plot of Fig.(1) . Imposing boundary conditions at the origin and infinity, we obtain four arbitrary constants -say, C i , i = 1, .., 4. The continuity at the point r = r 0 forms two equations for these constants. Two more conditions follow from the integration of the delta functions in Eq. (12) . Writing out Eq.(12) at this point, we find
Thus, for a given Q-tube background, the growing mode with fixed l exists when the determinant ∆ of the system [Eq. (13)] vanishes, Re∆(γ) =Im∆(γ) = 0, for some value of γ > 0. For n > 0, the number of conditions is doubled as much as the number of arbitrary constants. We also used obvious zero modes due to the translational and internal symmetry for our check of conditions in Eq. (13). Q-tubes with zero angular momentum require particular attention, since formally Eq. (7) for them coincides with that for a two-dimensional Q-ball. Therefore, one can use the analogy between those Q-tubes and various Q-ball solutions (e.g., studied in detail in Ref. [11] ).
In accordance with the discussion above, one should find the basis solutions of Eq. (12), c 1,2,lef t and c 1,2,right , which would provide regularity at zero and infinity. Such functions are as follows:
is the Hankel function of the first kind. Let us study the asymptote of ∆(γ), at which the solution in Eq. (14) turns to the more clear form. Namely, consider the case of large γ, γ |m|, M . The arguments of the functions in Eq. (14) can be expanded in a series on γ. Then, holding the leading term on γ and using the Bessel function addition theorem [15] , we have
The complex factors before I l and K l can be absorbed by the constants C i , i = 1, .., 4. Using the asymptotes of I l and K l at infinity [15] , we find for ∆ [ Fig.3a ]
It follows from the behaviour of the Q-tube solution that |A| → ∞ if (and only if) ω → M . So, one can expect the existence of the growing mode with γ ≈ |A| on the upper branch of the E(Q) plot and, in fact, the catastrophic instability of Q-tubes with ω ≈ M . We used Eq. (16), which is independent of l, for the checking of our results; see Fig.3a .
In the opposite limit γ → 0, there are obvious solutions of Eq.(12) at γ = 0. One of them, with l = 0, have the form h ∼ iΦ 0 and corresponds to the U (1) global symmetry of action (1) . Two more modes appear as a result of the breaking of the translational invariance along the axes x and y by the Q-tube configuration, h ∼ Φ 0r , and characterized by l = 1. Thus, for modes with l = 0, 1, we have ∆(0) = ∆ (0) = 0. Our numerical calculations satisfy these statements. Substitution of the solution in Eq. (14) ∆(γ) results in the dependences shown in Figs.3b,c,d . It should be mentioned that in the case γ = 0, Im∆(γ) = 0 for all γ and l. In a sector with l = 0, we see from Figs.3b,c that the root of the system [Eq. (13)] exists if the sign of Re∆ (0) > 0. Calculations show that its changing occurs exactly at the cusps of E(Q). Thus, the lower branch of E(Q) plot is stable against the perturbations with l = 0, and the upper and left (if any) ones are unstable (see Fig.2 ). This conclusion agrees with the results of Refs. [11, 16] . In addition, Fig.3d shows the absence of the growing modes in a sector with l = 1 and, in fact, with all l > 0 for γ = 0. 3.4 The case n > 0, γ = 0
The general consideration follows the particular case n = 0 closely, except that the number of solutions that need to be matched is doubled. Since there is no regularity conditions imposed on the middle solution, c 1,2,middle , the basis of solutions at r 1 < r < r 2 contains two independent functions. So, from Eq. (12) we have
By analogy with the case studied above, in the limit γ → ∞ these functions turn to
(We omit some constant multipliers), and the behaviour of ∆(γ) in this limit is identical to that for n = 0.
In the general case, substitution of Eq.(17) into the expression for ∆(γ) leads to the behaviour shown in Figs.4a,b . Again, for l = 0, we have Im∆(γ) = 0, and the sign of Re∆ (0) correlates with the sign of dQ/dω, which indicates the instability of the upper and (if any) the left branches of E(Q) plot. It also denotes the stability of the lower branch in the channel with l = 0.
However, in a sector with l > 0, the value of Im∆(γ) becomes nonzero, and the equation ∆(γ) = 0 turns to two independent equations Re∆(γ) = 0 and Im∆(γ) = 0 for a single real variable γ. Calculation shows the absence of simultaneous roots of these equations for γ = 0, which indicates the absence of growing modes with l > 0 at all ω and m 2 . In the case γ = 0, however, the number of free parameters coincides with the number of equations, and we will study this general case in the next section. Each point of these plots corresponds to the simultaneous roots at some value of ω. We see that for a Q-tube with large ω, it is sufficient to slightly excite it to obtain instability with large value of γ. The lifetime 1/γ of the tube after such excitation tends to zero while ω → M . This agrees with what one can expect from upper-branch configurations. In contrast, the smaller the value of ω, the larger the γ needed for the tube decay. We also check that the typical values of γ = 0 are small compared with the energy density E of the soliton. In Fig.6 , we show the dependence of γ, γ , E, and Q on ω. One can see that the energy scale of perturbations is suppressed to the scale of the solution by a factor of order 10 3 , and our classical consideration makes sense for this range of ω.
We especially note that the foregoing is true for Q-tubes with n 1. It turns out that for Q-ball-like configurations with n = 0, one cannot obtain the simultaneous root for real and imaginary parts of ∆(γ, γ ). This may signal the true stability of nonrotating tubes living on the lower branches of the E(Q) plot; see Fig.5b .
CONCLUSION
Our choice of potential allows us to construct a powerful quantitative method for the classical stability investigation. We survey instabilities in a wide range of parameters. The criterion of the classical stability of Q-balls ∂ 2 E/∂Q 2 < 0 remains unchanged in the case n = 0. However, using the explicit solution, we found a continuous family of instabilities for n ≥ 1. Our result has an analogy with the superconductivity of the second type: even if the solution is stable in the l = 0 mode, the transition in l ≥ 1 mode is possible. We also check that the typical scale of the excitation energy is suppressed by the soliton energy E, γ /E ∼ 10 −3 , and the classical analysis is appropriate for the entire range of considered ω.
